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An Improved Van Driest Skin-Friction Formula for
Compressible Turbulent Boundary Layers

P. Bradshaw*
Imperial College, London, England

The Van Driest transformation, which is an exact consequence of innerlayer similarity, has frequently been
used successfully to correlate velocity profiles throughout the boundary layer. Here we deduce the corresponding
skin-friction formula, provisionally named "Van Driest III/1 which is similar to that of Fernholz but in a more
convenient form for making use of new profile data.

Nomenclature
a = speed of sound
Bq = heat-transfer parameter, Eq. (8e)
C, C] = constants of integration, Eqs. (7) and (8c)
Cf = rw/(Q.5peU2

e), skin-friction coefficient
cp = specific heat at constant pressure
K, KB = mixing length constants, Eqs. (1) and (2)
Mr = uT/aw "friction Mach number," Eq. (8d)
Pr = Prandtl number
Q = heat-transfer rate from wall to fluid
r = recovery factor, 0.89 approximately
T = temperature
U =x-component velocity
U* = transformed (low-speed) U, Eqs. (8c) and (9)
ur = ( r w / p w ) v\ friction velocity
x, y = coordinates along and normal to wall
7 = ratio of specific heats
6 = boundary-layer thickness [free parameter in fitting

Eq. (9)]
6 = momentum thickness
II = wake parameter, Eq. (9)
v = kinematic viscosity
p — density
r = total (viscous plus turbulent) shear stress
Subscripts
e = external flow value
w = wall value

Introduction

T HE Van Driest transformation, as given in its most
general form by Rotta,' uses the "mixing length"

formulas for velocity and temperature (which are exact
consequences of inner-layer similarity) together with the
mean-momentum and mean-enthalpy equation with the
convective terms and pressure gradient neglected. Respec-
tively, these are

d U / d y = ( r / p ) l/2/Ky (1)

Substituting for Q and Tfrom the trivial integrals of Eqs. (3)
and (4), and integrating, gives

dT/dy= -Q/[pcp(r/p) l/2Key]

dr/dy = 0

= rdU/dy

(2)

(3)

(4)

Here K( «0.41) and Ke ( «0.45) are absolute constants, K/Ke
being the turbulent Prandtl number Prt. From Eqs. (1) and (2)

(Q/cp) = - (Ke/K)rdT/dy (5)
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T=C1Tw-(K/Ke)[QwU/(cprw)-U2/(2cp)} (6)

The constant of integration C7 is not necessarily 1.0, because
Eqs. (1) and (2) do not apply in the viscous sublayer, where

(rw/p)I/2y/v<40

(say) or the conductive sublayer where [(rw/p) l/2y/v]Pr<40.
Taking p / p w = Tw/T to give p in Eq. (1) from Eq. (6), and
writing UT = (TW/PW) //2, integration of Eq. (1) gives

U/uT= (C'f/R) sin (RU*/uT) -H[l- cos (RU*/uT)] (7)

where

R = [0.5(y-l)K/Ke]*MT

H=Qw/(pwu3
T) = Bq/[(y-l)M2

T]

U*/ur=(l/K)tn(uTy/vw)+C

and MT and Bq, defined by

MT = uT/[(y-l)cpTw]'/2=uT/aw

(8a)

(8b)

(8c)

(8e)

are "the proper inner layer Mach number and heat-transfer
parameter. (Rotta's f}q is -Bq: the Kq of Meier2 is
(KKe) 1/2). In general, the constants of integration C and C/
are functions of MT and Bq and possibly of gas properties,
and, at best, the Van Driest transformation in Eq. (7) applies
rigorously only in the region outside the sublayers but ap-
proximately inside the l iney/d = 0.2.

Rotta suggested that the complete velocity profile, outside
the sublayers but inside the line y/d = 1, could be represented
empirically by adding a "wake" contribution (U/K)w(y/d)
to Eq. (7), analogous to the highly-successful low-speed
profile family of Coles. Taking w(l) = 2 so that w can be
approximated by l-cos(7ry/6) or a similar analytic curve.
11̂  0.58 in a constant-pressure low-speed boundary layer with
UeO/ve>5QQQ but decreases at lower Reynolds number.
Several later workers have preferred to add the wake con-
tribution to Eq. (8c) which is then exactly Coles' low-speed
profile

U*/uT=(l/K)[tn(uTy/vw)+KC+U(l- cosiry/d)] (9)

and Eq. (7) with the substitution Eq. (9) is then found to be a
good fit to measured profiles in high-speed flow. The most
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general form of the Van Driest skin-friction formula as ex-
pounded by Rotta1 follows by writing Eq. (7) with Eq. (9) at
y = d where U=UC. As normally used, however, the Van
Driest formulas implicitly take C/ = l, K — KQ and assume
that U*/uT can be obtained from any low-speed skin-friction
law at an empirically-defined reference Reynolds number.
Strictly, the Reynolds number common to the high-speed flow
and its low-speed transformation is u T d / v w , as can be seen
from Eq. (8c), but in Van Driest I, the chosen reference was
(pw pe) l/2UeO/nw, changes in Van Driest II to peUeO/fj.w.
Thus, these formulas can make no use of velocity profile
measurements and can be improved only by changing the
choice of reference Reynolds number. As shown by Hopkins
and Inouye3 the results on highly-cooled walls are rather
poor. In the present paper we describe the general version,
deriving most of the empirical information directly from the
consensus of velocity-profile measurements but adjusting the
constant C to optimize agreement with the cy data in Ref. 3.

Although several workers have made some use of the
general Van Driest transformation to derive cf values from
Eq. (9), it does not seem to have been used to derive a com-
plete Cf law making use of experimental profile data.

The Skin-Friction Formula
The Van Driest skin-friction formulas were intended for

hand calculation: for what is nowadays a negligible extra
completion we can use Eq. (7) directly. Given Me, Uc6/ve and
Tw/Te, we guess cf and 0/5 and deduce uT5/vw. We then use
Eq. (9) in Eq. (7) to get a new value of cf (setting y = 5) and
tabulate U/Ue against y/5. We thence evaluate 0/5, using Eq.
(6) to givep, deduce a new value of uT5/vw, and iterate to con-
vergence. The contribution to 0 from the viscous sublayer is
estimated in the current program by assuming £/ocj ̂ bet-
ween y = 0 and y — 0.055, with an average value of tem-
perature. Using the Sommer-Short intermediate-temperature
formula3 to give initial guesses, convergence of cf to 0.1 % ac-
curacy takes less than ten iterations, a fraction of a second on
a modern computer: the program is given in Ref. 4. Values of
C and C/ as functions of Mr and Bq, and a value of II as a
function of Mr, Bqs and an appropriate Reynolds number,
must be specified.

Most of the successful applications of the Van Driest trans-
formation to high-speed velocity profiles have used. Eq. (6),
or the closely-equivalent Crocco quadratic temperature
profile, to reduce the data, although it is known (e.g., Ref. 2)
that this profile is not very accurate in the outer layer of boun-
dary layers on cold walls. However, the only effect of depar-
tures from the assumed temperature variation Eq. (6) is to
alter the value of II that gives the best fit to the profile. If the
departures are uniquely related to the Mach number, heat-
transfer parameter and Reynolds number, one simply obtains
a different II correlation. A practical difficulty in the use of
any "flat-plate" formulas is the effect of nonuniform wall
temperature upstream of the measurement point, which can
cause large distortions of the temperature profile.

Velocity profile data accompanied by direct measurements
of skin friction suggest that C increases with Mr, while the
very large overestimates of Cj- on very cold walls
(Tw/Taw <0.1) demonstrated by Hopkins and Inouye suggest
that C increases, or C, decreases, if Bq is negative (cold wall).
Temperature profile measurements are scattered, and show
no definite evidence that Cy differs from unity. Taking C, = I
in Eq. (6) and Eq. (7), the values of C required in Eq. (9) to
give agreement to about 5% with the cy results in air quoted
by Hopkins and Inouye, with K/K6=0.9l and n = 0.58
(ignoring low Reynolds number effects), are well fitted by

Fernholz6 has correlated a wake parameter similar to II as a
function of peUeO/iiw only, on adiabatic walls with Me<5;
the high-Reynolds-number value of II is close to the low-speed
value of 0.58. Elfstrom7 has found good agreement, on a cold
wall at Me ~ 9, with the low-speed correlation for II as a func-
tion of uT5/vw. These results suggest that II does not depend
directly on MT or Bq, and we therefore take 11 = 0.58 at high
Reynolds numbers. The allowance for variations of II at low
Reynolds number is discussed in the following.

The object of using this more complicated version of the
Van Driest skin-friction formula, for which we suggest the
name "Van Driest III," is to permit logical improvement by
use of velocity profile measurements to define the behavior of
C, Cj and II. Fernholz's skin-friction law6 is conceptually
similar to the present one? but difficult to relate directly to
profile measurements. Existing skin-friction formulas like
those reviewed by Hopkins and Inouye can be improved only
by arbitrarily adjusting their transformation factors to yield a
better fit to cf data. The perils of this are well demonstrated
by the Spalding-Chi formula, which is effectively identical to
the Van Driest II formula in adiabatic flows but uses a func-
tion of Tw/Taw in the Reynolds-number transformation fac-
tor. This gives improved agreement near Tw/Taw=Q.2 but
poorer agreement between 0.2 and 1.0. Moreover, most of the
existing formulas have transformation factors which are in-
dependent of Reynolds number, and are therefore unlikely to
represent low-Reynolds-number effects on the outer layer
correctly. A skin-friction formula explicitly related to
velocity-profile behavior, as in the highly successful low-speed
Cf formula based on Eq. (9), allows us to unify profile
measurements and cf measurements from different ex-
periments, and can also be used to correlate cf in arbitrary
pressure gradients in terms of integral parameters of the
velocity profile.

The Scaling of Low-Reynolds-Nsimber Effects
The work of Fernholz6 implies that the velocity profile

parameter II correlates as a function of peUeO/fjiw on
adiabatic walls for Mach number up to 5 at least. Since the
viscosity at the wall is most unlikely to affect the outer layer
directly it is best to interpret Fernholz's Reynolds number as
(1+0.5 r(y-l)M2

e)°-76UeO/pe taking the exponent of the
power law for viscosity as a function of temperature as 0.76 at
typical wall temperatures.

Now Morkovin's hypothesis8 suggests that fluctuations of
pressure or density should not affect boundary layers at
Me < 5. The quantity most likely to affect the behavior of the
large eddies or the irrotational/turbulent interface is the den-
sity gradient in the outer layer. A suitable parameter for
correlating this is p0_2/Pe

 or T0^2/Te where suffix 0.2 denotes
conditions at y/5 = 0.2, the nominal inner edge of the outer
layer. This parameter is still suitable if the real cause of Mach-
number variation of low-Reynolds-number effects is viscosity

= 5.2 + 95M2
T+30.7Bq+226B* (10)

As shown in Ref. 5, the value of C required to fit constant-
density data, with cf deduced from Preston tube readings, is
5.2 rather than the value of 5.0 usually quoted. Fig. I The incompressible skin-friction Saw of Coles.
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Fig. 2 Adiabatic-wall skin-friction ratio.

O-1 O-2 OS O-4 O5 O« O7 O8 O8 1O 11 12 13 1-4

Fig. 3 Ratio of cf to adiabatic-wall value for three different
Reynolds numbers. Note scale displacement.

fluctuations near the interface, because these will be fairly
closely related to the mean temperature gradient.

The right Reynolds number to use in correlating viscous ef-
fects at the interface is ( r w / p e ) l/25/ve=^Rv: turbulence in-
tensities correlate quite well as pu 2/TW —f(y/b), so
(«~2) / / 2oc(rw /p) l/2 at given y/d. Therefore, low Reynolds-
number effects should correlate with RJ'j (T02/Te). Ob-
taining the function// by forcing agreement with Fernholz's
result that the onset of low-Reynolds number effects in
adiabatic boundary layers occurs at the low-speed value of
peUe6/nw, about 5000, we can deduce the value of
Ued/ve = Re below which the effects begin, as a function of
Me and Tw/Taw. We obtain T0.2/Te by using the Crocco for-
mula with a one-sixth power law velocity profile, appropriate
to fairly low Reynolds numbers. Auxiliary relations for 0/6
and Cf are needed: for the former we have used the simple for-
mula given by Stollery9 and for the latter an analytic ap-
proximation to the "Van Driest III" values. The results,
which need be - and are - only rough ones, can be represented
forM (,<10, Tw/Taw>0.\ by

Re, min =5000(1+0.1M2
e) [1 -0.3(LO-Tw/Taw)] (11)

where the Mach-number factor is an adequate approximation
to

(l+0.178M2
e)076

The results are affected only slightly if T04 is used instead of
T0 2: the attribution of compressibility effects on Rv min to the
density gradient in the outer layer is speculative (though
plausible) but at least the choice of density-gradient parameter
is not critical. Strictly II should be correlated using rw/pe and
5 as scales but for practical purposes correlation on R0/R0, m-m
should be adequate.

Therefore, we suggest the use of

where Re min is given by Eq. (11) and an adequate analytic fit
to low-speed data for the function/is

f2(x)=0.58(l-L42exp (-4.35x)) (13)

This allowance for low-Reynolds-number effects is in-
corporated in the program.

Charts
Charts for use at high Reynolds number are given in Figs. 1

to 3. At Reynolds numbers below about Re = 104, depending
on Mach number and temperature ratio, cf starts to change
rather rapidly with Rd because of the variation of II. Charts
for these low Re values would be complicated, and are

omitted partly for this reason and partly because the II
variation is poorly documented. Values for low Reynolds
numbers can be obtained directly from the computer
program. The data used to prepare the charts, especially the
correlation Eq. (10) for C, come from high-speed airflows and
although the formulas all apply to low-speed flows with large
temperature differences there are not enough results available
to check the predicted variation of cf with Tw/Tawat low Me.
The decrease in Cf on very cold walls at high Me is not
predicted by other methods but follows from the data analysis
of Hopkins and Inouye. The scaling functions in the ordinates
of Figs. 1 and 2 were chosen to minimize variations of the
ordinate and have no physical significance.

To use the charts do the following: 1) find the constant-den-
sity Cf,Cf0, at the required R0 from Fig. 1; 2) using this, find
the adiabatic-wall c/, c/itfli, for the required Me and R0 from
Fig. 2: only a rough interpolation for R0 is needed to achieve
1% accuracy; 3) using c/ and assuming Taw=Te (1+0.178
M2

e), find cf for the required Me and Tw from Fig. 3: again,
the variation with Re is slow, and the variation with Me is
rapid only at low Tw/Taw where it is unrealistic to require
better than 5% accuracy even for comparative purposes.

Acknowledgment
This work was supported by Ministry of Defense (PE)

under contract AT/2037/0133. Helpful suggestions from
Professor J. L. Stollery are gratefully acknowledged.

References
!Rotta, J. C., "Turbulent Boundary Layers with Heat Transfer in

Compressible Flow/' AGARD Kept. 281, 1960.
2Meier, H. U., Voisinet, R. L. P., and Gates, D. F., "Temperature

Distributions using the Law of the Wall for Compressible Flow with
Variable Turbulent Prandtl Numbers," AIAA Paper 74-596, 1974.

3Hopkins, E. J. and Inouye, M., "An Evaluation of Theories for
Predicting Turbulent Skin Friction on Flat Plates at Supersonic and
Hypersonic Mach Numbers," AIAA Journal, Vol. 9, 1971, pp.
993-1003.

4Bradshaw, P., "A Skin-Friction Law For Compressible Turbulent
Boundary Layers Based on the Full Van Driest Transformation,"
NPL Aero Rept. 76-02, 1976.

5Brederode, V. De and Bradshaw, P., "A Note on the Empirical
Constants appearing in the Logarithmical Law for Turbulent Wall
Flows," NPL Aero Dept. 74-03, 1974: NT IS Order No. N 74-33803.

6Fernholz, H., "Ein halbempirisches Gesetz fur die Wandreibung
in Kompressiblen Turbulenten Grenzschickten bei Isothermer und
Adiabater* Wand," Zeitschrift fur Angewandte Mathematik und
Mechanik, Vol. 51, 1971, pp. T146-T147.

7Elfstrom, G. M., "Turbulent Hypersonic Flow at a Wedge-
Compression Corner," Journal of Fluid Mechanics, Vol. 53, 1972,
pp.113-127.

8Bradshaw, P., "Compressible Turbulent Shear Layers," Annual
Review of Fluid Mechanics, Vol. 9, 1977, pp. 33-54.

9Stollery, J. L., "Supersonic Turbulent Boundary Layers: Some
Comparison Between Experiment and a Simple Theory," Aeronauti-
cal Quarterly, Vol. 27, 1976, pp. 87-98.


